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The 2-rank r of a group G is the rank of the largest elementary abelian 
2-subgroup of G. If E is an elementary abelian group of rank r and E is a 
normal subgroup of the group H, H is said to be transitive on the flags of E, 
if given two chains 
E,CE2C...CE,-1CE,.= E, 
E,‘CE,‘C...CE;-,CE,.‘= E, 
of subgroups of E with Ei and Ei’ of rank i, there is an element h of H such 
that Ein = Ei for all i = l,..., r. With this terminology, we prove: 
THEOREM A. Let G be a simplegroup of 2-rank T, and suppose that G has an 
elementary abelian 2-group E of rank r such that No(E) is transitive on the fEags 
of E. Then, G is isomorphic to one of the following groups: 
(4 PsL(2, q), q odd, q 2 5, 
(ii) PSL(3, q), q odd, 
(iii) PSU(3, q), q odd, 
(iv) Ml1 , a Mathieu group, 
(4 PW3,4), 
(vi) A,, 
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(vii) 
(viii) 
(ix) 
(4 
(xi> 
(xii) 
(xiii) 
(xiv) 
(xv> 
(xvi) 
a group of Ree type of characteristic 3, 
J1 , the smallest Janko group, 
G(q), q 04 
h2(q), q odd, 
the simple group of order 2g * 34 . 5 * 73 . 11 * 19 . 31 of [24], 
J4!3 3 a Mathieu group, 
MC, McLaughlin’s group, 
L, Lyons’ group, 
C, , the smallest Conway group, 
FT, the Fischer-Thompson group. 
From this we obtain easily 
THEOREM B. Let G be a simple group of 2-rank r such that all elementary 
abelian 2-subgroups of G of the same rank are conjugate andgiven any two chains 
E,CE,...E,, 
E,’ C E,’ “. E,‘, 
of elementary abelian 2-groups with Ei and Ei’ of rank i, there is a g E G such 
that Eig = Ei for all i = I,..., r. Then, G is isomorphic to one of the following 
groups: 
(i) PSL(2, q), q = 3, 5 (mod 8), q > 5, 
(ii) PSL(3, q), q odd, 
(iii) PSU(3, q), q odd, 
(iv) Ml1 , 
(4 PSU(3,4), 
(vi) a group of Ree type, 
(vii) J1 . 
In the process of proving Theorem A, we obtain: 
THEOREM C. Let G be a group having an elementary subgroup E of order 
16 such that 
(i) Co(E) is of 2-rank four, and 
(ii) NdE)IG(E) s L,(2). 
Then, 
(9 G(E) = E . O(G(E)h ad 
(ii) if No(E) is of 2-rank four, No(E) contains a Sylow 2-subgroup of G. 
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In the latter case, it follows that if G is simple, then G s C’s .
In the proof of Theorem A, we use many recent classification theorems for 
simple groups. By a result of Higman, N,&E)/C,(E) is known, and the 
structure of this group dictates most of the analysis. When the rank of E is 
2 or 3, the structure of G follows by collating known theorems. The possibility 
that the rank of E is 5 is eliminated using some results of Dempwolff. Thus, 
the bulk of the proof devolves to obtaining Theorem C. 
In Section 1, we state known results, .and in Section 2, we prove preliminary 
results, mostly intended for handling C,(E). In Section 3, the problem is 
reduced to the rank 4 and 5 cases. In Section 4, we obtain the possible Sylow 
2-subgroups when Y = 4, and in Section 5, we obtain Theorem C. In 
Section 6. we treat Y = 5. 
1. ASSUMED RESULTS 
In this section, we state a number of results that we use in later sections. 
LEMMA 1.1 (Higman [ 161). Let E be an elementary abelian 2-group and let 
H be a su6group of Aut (E). Suppose that His transitive on theflags of E. Then, 
either 
(i) H = Aut (E), or 
(ii) n = 2 and His cyclic of order 3, or 
(iii) n = 3 and H is a Frobenius group of order 21, or 
(iv) n = 4andHgA,. 
LEMMA 1.2 (Higman, [17, Theorem 8.21). Let G be a finite group with 
a normal 2-subgroup Q such that G/Q is isomorphic to PSL(2,29, n > 2, and 
suppose that an element of G of order 3 acts fixed point free on Q. Then, Q is 
elementary abelian. 
Higman has defined a nonabelian 2-group Q having Y involutions to be a 
Suzuki 2-group if Q admits an automorphism of order Y that is transitive on 
the involutions of Q. He proved: 
LEMMA 1.3 [ 181. Let Q be a Suzuki 2-group and suppose q = 1 Z(Q)I. Then, 
Z(Q) is elementary abelian and contains all involutions of Q. Moreover, Q/Z(Q) 
is elementary abelian, and 1 Q / = q2 or q3. 
LEMMA 1.4 (Alperin, Brauer, Gorenstein [2]). Let G be a simple group of 
2-rank 2. Then, G is 
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(i) PSL(2, q), q odd, q > 5, 
(ii) PSL(3, q), q odd, 
(iii) PSU(3, q), q odd, 
(iv) Ml, ,A, , or u,(4). 
LEMMA 1.5 (Goldschmidt [7]). Let G be a simple group with Sylow 
2-subgroup P and suppose A # 1 is an abelian subgroup of P strongly closed in P 
with respect to G. Then, G is 
(i) L,(q), q = 3, 5 (mod 8), 
(ii) L,(2”), n. > 2, 
(iii) Us(2”), n 3 2, 
(iv) Sz(2”), n 3 3, 
(v) a group of Ree type, 
(vi) J1 , the smallest Janko group. 
LEMMA 1.6 (Alperin [l]). Let H be a group, E XI H, and E elementary 
abelian of order 8. Suppose that C,(E) is of 2-rank 3 and that H/C,(E) z L,(2). 
Then, the Sylow 2-subgroup of C,(E) is h omocyclic abelian, and the Sylow 
2-subgroup of H is as given in [24]. 
The group H of Lemma 1.6 can occur as a 2-local subgroup of many 
simple groups. The following two lemmas tell when this happens. 
LEMMA 1.7 (Harada [14]). Let G be a simple group and E an elementary 
abelian subgroup of G of order 8. Suppose that E is a Sylow 2-subgroup of Co(E) 
and that No(E)/Co(E) g L,(2). Then, G is 
(9 G(q), q 04 
(ii) D,2(q), q odd, 
(iii) 4 , A9 , Al,, 4, , 
(iv) Jh2 , Jh3 , 
(v) L, Lyons’ group, 
LEMMA 1.8 (O’Nan [24]). Let G be a simple group and E an elementary 
abelian subgroup of G of order 8. Suppose that a Sylow 2-subgroup of Co(E) is 
homocyclic abelian of rank 3 and exponent at least 4, and that No(E)/Co(E) g 
L,(2). Then, G is 
(i) HS, the Higman-Simsgroup, or 
(ii) The group G of order 2Q * 34 * 5 * 73 * 11 * 19 .31, whose properties 
are discussed in [24]. 
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LEMMA 1.9 (Harada [14]). Let G be a simple group and E an elementary 
abelian subgroup of G of order 16. Suppose that E is a Sylow 2-subgroup of 
Co(E) and that No(E)/&(E) g A, . Then, G is 
N 43 f 
(ii) *WC, McLaughlin’s group, 
(iii) L, Lyons’ group. 
LEMMA 1 .lO (Dempwolff [4]). Let H be a group, E un elementary abeliun 
normal subgroup of H of order 2”, and suppose that H/E g L,(2). Then, if 
n 3 6, the extension is split. 
LEMMA 1.11 (Dempwolff [5]). Let H be a group. E an elementary abehun 
normal subgroup of H, and suppose that H/E s L,(2). If the extension is nonsplit, 
the 2-rank is 5. 
LEMMA 1.12 (Solomon [271). Let G be a simple group having Sylow 
2-subgroup isomorphic to those of the smallest Conway group C, , then, G s C, . 
2. PRELIMINARIES 
In this section, we prove some general results, which we apply in later 
sections. 
LEMMA 2.1. Let Q be a 2-group with J&(Q) <Z(Q) and [ 4(Q)] = 2”, 
where n > 4. 
Suppose that Q Q H, C,&&(Q)) = Q, and H/Q g L,(2) or H/Q s A, and 
n = 4. Then, Q is elementary abelian. 
Proof. We set E = sZ,(Q). Th en, H/Q acts faithfully on E, and this gives 
the natural representation of L,(2) on E, or the representation of A, in its 
embedding in L,(2). 
Now, if n = 2m, PSL(2, 2m) < L,,(2) and PSL(2,4) < A,. Moreover, 
a 3 element of PSL (2,2”) ct a s without fixed points on E. Since E contains 
all involutions of Q, this 3 element acts without fixed points on Q. By 
Lemma 1.2, Q is elementary abelian. 
Thus, we may take n = 1 + 2m, m > 2. Using the Singer cycle of L,(2), 
it follows that Q is a Suzuki 2-group, or Q is a homocyclic abelian group. We 
suppose that 1 E 1 = q and ( Q 1 = q3. The other cases follow along the same 
lines, but are easier. 
Take j E E# and E, C E such that E = (j) @ E,, . Let L be the subgroup of 
H that normalizes (j} and E,, . Clearly, Q < L and L/Q g L,-,(2) = L2,(2). 
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LetK<LsothatQ<KandK/QrGL(2,2Jn).LetxEK,/x =2’“- 1, 
so that (x)Q/Q is central in K/Q. Take p a prime divisor of 2”’ - 1 with 
p > 3. Such ap exists, as 3z = 2”’ - 1 implies m < 2. Let t E (x>, i t 1 = p. 
Now, CE(t) = (j) and CE(t) contains all involutions of Co(t). Thus, 
Co(t) is cyclic or a quaternion group of order 8. Thus, / Co,E(t)i < 22. If 
equality fails, we obtain either p 1 (22’n+2 - l), or p / (22m+2 - 2). Since also, 
p 1 (P - l), we obtain p ,< 3, contrary to hypothesis. Thus, Q = Q/E = 
QI @ Qs , where [PI, t] = 1, [Q2, t] = Q2, and 1 QI / = 2”. Moreover, 
Co(t) is a quaternion group of order 8. 
Let M = CK(t). Then, iVI f~ Q z Qs and M/M n Q E GL(2, 2m). Take 
M’ to be that subgroup of M with M n Q < M’ and Ml/M n Q g SL(2,2”). 
Since m > 2, M’ = (M n Q) C&M n Q). Moreover, 
M'/(j) z 2, x 2, x SL(~, 29. 
Since [M’, t] = 1, M’ normalizes Q, and Qs . Let Qa be the preimage of Qa 
in Q. Then, there is a subgroup L’ of L with L’ n Q = Qa and L’lQ2 z 
SL(2,2”). 
Let d be an element of order 3 of L’. Then, C,(d) = (j) and C,(d) 
contains Co(t). Thus, C,(d) = Co(t). Thus, C,$(d) = (j). 
Consequently, the group L’/(j) satisfies the hypothesis of Lemma 1.2. 
Thus, Qs/( j) is elementary abelian. 
Thus, if j E E, there is a subgroup &a of Q, with E < Qz , / Q : Q2 1 = 4, 
and Ul(Qa) < j. Tak’ g m another j’ fj of E, we obtain a Qa’ with E < Q2’, 
j Q : Qs’ 1 = 4, and Ol(Qs’) < (j’). Since I Q/E 1 3 2*, there is an x E Q - E 
such that x2 E (j) n (j’). Thus, x2 = 1, contrary to the fact that Q is a 
Suzuki 2-group. 
Let Q be a %-group and U an elementary abelian subgroup of Z(Q) such 
that Q/ U is elementary abelian. Set V = QI U. We regard U and V as additive 
groups. 
Ifx,yEQ, hyl d an x2 E U, and [x, y] = (~y)~x~y~. Moreover, [x, y] and 
x2 depend only on the coset of U to which x and y belong. Thus, with 
b&y) = [x, ~1 and 44 = x2, we obtain an alternate bilinear form b from 
V x V to U and a quadratic function 4 from V to U, such that b(x, y) = 
n(x + y) + q(x) + q(y). We adopt this point of view in the following proof. 
LEMMA 2.2. Let Q be a 2-group with G,(Q) < Z(Q) andQ/GJQ) ehentary 
abeZian. Then, if 1 .Ql(Q)l = r, IQ 1 < r3. 
Proof. We set U = fir(Q) and V = Q/U. q is the quadratic function from 
V to U obtained as above. By hypothesis, if x E V, x # 0, p(x) # 0. We prove 
that the existence of such a 4 implies 1 V / < r2. 
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Let r = 2”. Take x1, xa ,..., x,, , a basis for U and fi , fi ,..., fn a dual basis 
for U*. Let Q* = fi 0 Q. Then, qi is a quadratic form of V. Also, q(x) = 
ci 4iwi * 
Now, x # 0 implies q(x) # 0, and so, for some i, qi(x) # 0. Setting 
Z(x) = (1 + PI(x)) ... (1 + qn(x)), it follows that Z(x) = 0 if x # 0, and 
Z(x) = l,ifx =O. 
Now, relative to a basis of V, all functions from V to the integers mod 2 
can be expressed as a sum of monomials x,~x, ... x”, , with 011 < 01s ... < 01, . 
Moreover, this expression is unique. For tie function I, we have Z(x) = 
(1 + x1) ... (1 + x,), where m = dim V. 
Since the functions qi(x) are quadratic forms, qi(x) = Cyj=, pijxixj . 
Consequently, when the expression (1 + ql(x)) **. (1 + qn(x)) is multiplied 
out, the highest monomial has at most 2n terms. Since 
l(x) = (1 + Xl) .‘* (1 + x,) 
contains the monomial x, ... x, , we must have m < 2n. Thus, 1 V 1 < r2. 
LEMMA 2.3. Let Q be a 2-group with Gl(Q) < Z(Q) and let j ~,(Q)~ = 24. 
Let H be a group with Q 4 H. Suppose that H has a normal subgroup N with 
Q < N, H/N c A, or As , and N/Q of odd order. 
Then, if C@,(Q)) < N, Q is elementary abelian. 
Proof. Suppose sZ,(Q) C Q and set & = Q/Qr(Q). Let Q0 = sZ,(Z(B), 
and let Q,, be the preimage of Qa in Q. Then, Q,, satisfies the hypotheses of 
Lemma 2.2 and Q0 4 H. By Lemma 2.2,I Q0 j < 2*. 
Since Aut(s;Z,(Q)) = L,(2) g As and H/N E As or A, , it follows that N 
centralizes or(Q). 
By the Schur-Zassenhaus theorem, N = Q * T, where 1 T 1 is odd. By the 
Schur-Zassenhaus theorem and the Frattini argument, NH( T)/N,( T) g As 
or A, . N,,(T)/T is an extension of C,(T) by A, or As. Consequently, if 
C,(T) > QI(Q), we have a contradiction by Lemma 2.1. Thus, C,(T) = 
J%(Q). Thus, Q n N,(T) = Q,(Q). 
We consider the group Q,, . N,(T). As this group satisfies the hypotheses 
our original group H satisfied, it thus suffices to prove the lemma when 
Q = Q,, and C,(T) = sZ,(Q). Clearly, we may also assume that T acts 
faithfully on Q. Since T centralizes G’,(Q), T acts faithfully on Q,, . 
Now, the odd part of 1 A, 1 is 7 . 5 * 32, and the odd part of I L,(2)\ is 
127 .31 . 17 . 72 . 52 . 35. Consequently, 1 T I divides 127 * 31 * 17 * 7 * 5 * 33. 
Let L be the subgroup of H that induces SL(2,4) on &(Q). Then, N <L 
and L/N z SL(2,4). From I T I, it is clear then SL(2,4) acts trivially on the 
ch’ief factors of T. Since the odd part of the Schur multiplier of SL(2,4) 
481/39/2-4 
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is 1, H/Q has a subgroup isomorphic to SL(2,4). Moreover, a 3 element of 
,X(2,4) acts without fixed points on !&(Q) and so on Q. By Lemma 1.2, the 
lemma follows. 
3. REDUCTION TO RANK 4 AND RANK 5 
We now take G to be a simple group of 2-rank r and E an elementary 
abelian subgroup of G of rank Y such that N,(E)/C,(E) is transitive on the 
flags of E. By Lemma 1.1, the structure of N,(E)/C,(E) is known. 
Let Q be a Sylow 2-subgroup of C,(E). Since G is of rank Y, Gi(Q) = E. 
I f  Y = 2, the structure of G is given by Lemma 1.4. 
If  r = 3, and N,(E)/C,(E) is a Frobenius group of order 21, then E 
contains all involutions of IV,(E). Clearly, E is characteristic in Q, and so Q 
is a Sylow 2-subgroup of G. Moreover, E is a strongly closed subgroup of Q 
with respect to G. By Lemma 1.5, the structure of G is known. The groups of 
2-rank 3 of Lemma 1.5 are L,(8), U,(8), Sz(8), the groups of Ree type, and 
Ji . In the first three cases, N,(E)/C,(E) z Z, , and these cases can be 
eliminated, leaving only the groups of Ree type and /i . 
I f  Y = 3, and N,(E)/C,(E) = L,(2), by Lemma 1.6, Q is a homocyclic 
abelian group. If  Q = E, the structure of G is given by Lemma 1.7. Since A, 
contains A, x A,, A,, A,, A,, and A,, are of 2-rank four. Since L,(4) C 
&rs, C Ma, , the groups of (iv) are of 2-rank four. Likewise, Lyons’ group is 
of 2-rank four [ 191, leaving only G,(q) and DJ2(q). IfQ > E, the structure of G 
is given by Lemma 1.8. The Higman-Sims group is eliminated, as its 2-rank 
is 4 [lo]. 
Consequently, we may assume r > 4. 
Let H be the normalizer of Q in N,(E). By the Frattini argument, 
H/C,(E) z N,(E)/C,(E). By the Schur-Zassenhaus theorem, C,(E) = Q . T, 
where / T j is odd. The normalizer of T in C,(E) is T . Co(T). By the Frattini 
argument, N,(T)/T * C,(T) z N,(E)/C,(E). 
Thus, the group N,(T)/T is an extension of the group N,(E)/C,(E) by the 
2-group Co(T). Since T < C,(E), E < Co(T). By Lemma 2.1, Co(T) = E. 
Now, if Y > 6, by Lemmas 1.10 and 1.11, the 2-rank of NH(T) is greater 
than Y, contrary to hypothesis. 
Next, if r = 4, by Lemma 2.3, Q is elementary abelian, i.e., Q = E. By 
Burnside’s transfer theorem, C,(E) = E . O(C,(E)). Thus, N,(E)/O(N,(E)) 
is an extension of E by A, orL,(2). In this first case, G is known by Lemma 1.9. 
If, in the second case, the extension of E by L,(2) is split, G is of 2-rank 6, 
as G contains a Sylow 2-subgroup of L,(2). Thus, we may assume 
N,(E)/O(N,(E)) is a nonsplit extension of E by L,(2). Similar considerations 
hold if Y = 5. 
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In this section, G is a group and E an elementary abelian subgroup of G of 
order 16 such that No(E)/O(No(E)) is a nonsplit extension of L,(2) by an 
elementary abelian group of order 16. By a theorem of Blackburn [3], the 
structure of No(E)/O(No(E)) is uniquely determined. When O(No(E)) = 1, 
the forgoing local subgroup occurs in the smallest Conway group, C, . Thus, 
N&WWG(EN is of 2-rank four [6]. 
If the group No(E) contains a Sylow 2-subgroup of G, and the group G is 
simple, by a result of Solomon [27], G g C, . Consequently, to complete the 
proof of our theorems, it suffices to show that No(E) contains a Sylow 
2-subgroup of G. 
In this section, we obtain in a convenient form, the Sylow 2-subgroup of 
No(E), and determine the possibilities for the Sylow 2-subgroup of G. 
LEMMA 4.1. Let K be a group, E,, an elementary abelian group of order 8 
with E, u K, C&E,) = E, , and let K/E0 s L,(2). 
Let NI and N2 be nonconjugate complements of E,, in K. 
Then, the nonidentity 2-elements in NI are not conjugate to those of N, in K. 
Proof. Represent K as a permutation group with point stabilizer N1 . 
Then, K is doubly transitive of degree 8 with point stabilizer isomorphic to 
L,(2). Since N, is not conjugate to Ni , N, fixes no points, and consequently, 
N, is transitive of degree 8. Since the Sylow 2-subgroup of NZ is of order 8, 
no 2-element of N, fixes points. Since all 2-elements of Nr have fixed points, 
the lemma follows. 
LEMMA 4.2. Let K be a group, E,, an elementary abelian group of order 8, 
with E,, 4 K, C,(E,,) = Eo , and K/E, g L,(2), and suppose that the extension 
of K over E, is split. 
Let Y be an automorphism of K of order 2 such that Y centralizes E,, , K/E,, , 
and (K, Y> is of 2-rank four. 
Then, a Sylow 2-subgroup of K is given by the generators u1 , u2 , up , s, t, 
and the relations (ul , u2 , u3) = E,, , u18 = u2 , uzs = u3 , uss = u1uzu3 , 
% t- - % 7 u-2 t- - % > UC3 t=u 1 , and s4 = 1, t2 = 1, st = s-l. 
A!Ioreover, replacing Y  by a suitable conjugate, r.. necessary, we have sr = suz 
and tr = tu,u,u, . 
Proof. It is clear that the group (ui , u2 , ua , s, t> with the above relations 
is a Sylow 2-subgroup of K. Moreover, (E,, , Y) 4 (K, Y), (E,, , Y) is elemen- 
tary abelian of order 16, and (K, Y>/(E,, , r) z L,(2). 
If, in the action of K on (E, , Y), E, admits a K-invariant complement in 
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(E,, , r\, then (K, rj z K x Z, , and (K, r) is of 2-rank five, contrary to 
hypothesis. Thus, E, admits no K-invariant complement in (E,, , Y>. 
Let Nr be a complement of E0 in K. Since Nr fixes no element of 
(E,, , r) - E, , Ni is transitive on (E, , r) - E, , and so, all elements of E,,Y 
are conjugate. 
Also, N, = Nir is not conjugate to Ni in K. Since (E,, Y) 4 (K, Y), Y 
normalizes (ui , us , 24a , , s t). By hypothesis, Y centralizes E,, , and s+ = sa, 
t7 = tb, where a, b E E,, . By Lemma 4.1, s and sa are not conjugate in 
(E,, , s). Now, the coset SE,, consists of the two E,-conjugacy classes: 
{ s, suius , suiua , susua} and {sur , sus , sua , suiusua}. Thus, if necessary, 
replacing Y  by one of its conjugates in Eoy, we may assume that sr = sus . 
Since P is an involution, tT E {t, tu, , tu,u, , tu,u,u,}. Since st = s-l, (SuJtr = 
(su2)-1 = s-lul . It follows that tr E {tu, , tu,u,u,}. Since sr = sua , if tr = tu, , 
then (St)’ = st, a contradiction, as Ni is transitive on (E, , Y} - E, , and so 
no 2-element of Ni centralizes Y. Thus, t’ = tu,u,u, . 
We take P to be a Sylow 2-subgroup of N,(E) and set H = N,(E)/O(N,(E)). 
We use the bar convention for homomorphic images. 
LEMMA 4.3. (i) P = (q , a2, n3, s, t, Y), where V = (q , v2, v3) G 
2, x 2, x 2, , and vls = vz , vzs = v3 , v3s = V~V& , vlt = z$, vzt = vil, 
v3 
t = v-1 -1 
1 7 VlT = v1 ) PI2 
T = v-1 2 , v3r = vp, s* = 1) t2 = 1, Y2 = 1, St = s-l, 
ST = sv2z, tr = tv12v22v32, 
(ii) E = (v12, v22, v32, rj, 
(iii) NH(r)/v E 2, x L,(2), 
(4 CN,C I) (F) =(F) x T,whereT is a nonsplit extension of Z, X Z, X Z, 
bY b(2). 
Proof. Let E, be of index 2 in E and set L = N&&J. Let Q = C,(Er,). 
Then, E Q L, and by the structure of L,(2), L/i? is a split extension of 
Z, x Z, x Z, by L,(2). Moreover, O,(L/E) = Q/i?. 
Now, E/E, Q Q/&, and E/E,, z Z, . Also, Q/E0 admits an automorphism 
of order 7 with centralizer E/J!& . Thus, Q/i?e is elementary abelian of order 16. 
Let M be a Frobenius group of order 21 in L and take PE E - Es with 
[f, M] = 1. Then, Q/E,, = I” 0 (->, + Y  w h ere V’ is an M-invariant complement 
of (f) in Q/E,, . Let v be the preimage of V’ in Q. Then, M x (f) acts on v 
- -. 
and C,(P) = E,, . Since the 7-element of M acts freely on V, V ts either 
abelian, or a Suzuki 2-group. 
Since H is of 2-rank four, v is not elementary abelian. Thus, the preimage -- 
in v of a subgroup of order 2 in V/E,, is isomorphic to Z, x Z, x Z, . Let -- 
a E V/E, , a # 1. By the action of M on r, there is a 3-element d of M with 
Cv,,O(d) = {a). Then, the centralizer of d on V i!isomorphic to Z, . Since f 
centralizes d, P normalizes Cp(d). Since Cp(r) = EO , f inverts Cy(d). Since P 
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centralizes Es , F inverts the preimage of (a) in v. Since a was any non- -- 
identity element of V/E,, F inverts 8. Thus, P is abelian, and so B g 
2, x z, x z, . 
Thus, all elements of (8, F) - 7 are of order 2 and v is characteristic in 
(r, f). Thus, as Q = (v, F) 4 L, r Q L. It follows that L/a is a central 
extension of L,(2) by (v, f)/rg Z, . Since f inverts r, we may use the 
determinant mapping for the ring of integers mod 4 to conclude that 
r$ [L/r,L/V]. Thus, L/V = 2, x L,(2). 
Let HO be the preimage of [L/v, V/r] in H. Then, H,,/&, z H/E is a split 
extension of L,(2) by Z, x Z, x Z, . By Lemma 1.6, if P,, is a Sylow 2-sub- 
groupofHo,Po =<v1,v2,v3, , s t), with relations as given in the statement 
of the lemma. By choice, F inverts r. 
Since J!? Q H and P 4 H, H/E,, s 2, x H,,/&, , and by choosing N 
a compIement of r in H,, , F normalizes <&, , N), and the hypotheses of 
Lemma 4.2 are satisfied. Thus, s7 = ~21%~ and tr = tv,2v22v,2. Thus, (i), (ii), 
and (iii) foIIow. 
By the structure of H/i?= L,(2), there is a subgroup K’ C H/E, with 
K’ g L,(2), and K’ normalizing $ and (7). Let K be the preimage of K’ in H. 
Then K < N,(v) and K < CH(f). It follows that K = C,,, p,(f). By the 
structure of N,(v), F $ [K, K]. Clearly, [K, K] is an extension of L,(2) by 
2, x Za x Z, . Since H is of 2-rank four, this extension is nonsplit, and 
(iv) follows. 
LEMMA 4.4. (i) The irreducible modules of L,(2) over GF(2) are of dimen- 
sions 1, 3, 3, and 8. 
(ii) If V,, is the one-dimensional module, V, , V,‘, the three-dimensional 
modules, and V, , the eight-dimerknal module, then V, @ V,’ = V, @ V, . 
(iii) V,’ is the dual of V, . 
(iv) Aut(Z, x 2, x Z4) is a split extension of L3(2) by V,, @ V, . 
Proof. The first three parts are fairly standard, and the proof is omitted. 
If U = Z, x Z, x Z, and T is the subgroup of Aut (U) that acts trivially on 
J&(U) and U/&(U), T may be identified with the additive group of 3 x 3 
matrices over GF(2). That there is a copy M of L,(2) in Aut (27) follows by 
Alperin’s result (Lemma 1.6). M acts on T by matrix conjugation and so, 
Tz V,,@V,. 
We now take R,m to be the 2-group R,m = (wl , w2 , wQ, s, t, r>, where 
<Wl > w2 > ws) = Zam x Z,m x Zsm for some integer m >, 2, and w,” = w2, 
w2s = w3 ) wg 8 = w,wru,lw,; Wl t- - wp, wg tEw-l t= 2 9 eu, Wi19 WI 7 = w1’1”, 
W2 T  = WZA, WQT = Wd) with X = -1 or -1 + 2+l, s4 = 1, t2 = 1, st = s-l, 
ST = sw;m-l, tr = t(wlw2w3)2m-1. 
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With this notation P = R, with X = - 1. We set W,m = (wl , w2 , w&. 
Then, V = W, . 
LEMMA 4.5. Either R, is a SJJOW 2-subgroup of G, or 
(i) R, is a Sylow 2-subgroup of N,(( W, , Y)). 
(ii) With H = NG((W4, r))/O(N,((W4 , r)), then W, 4 H, and 
H/W, g 2, x L,(2). 
(iii) CH(f)= (F) x T, with T a nonsplit extension of 2, x 2, x 2, byL,(2). 
Proof. Now, C,((W, , r)) < C,(E), and so, as Cc(E) < E . 0(&(E)), 
Q1( W,) = E0 is a Sylow 2-subgroup of C,(( W, , Y)), and C,(( W, , r)) = 
Q,(W,) * O(G(W4, y>>). With H = NdW4 y  ~))IO(NG(<WJ, r))), it 
follows that (W, , r) is selfcentralizing in H. 
Since I( W, , r): W, 1 = 2, C,( W,) is a 2-group, and [CH(rJ, ~1 < v4 . 
Since W, is characteristic in (W, , v), W, 4 H, and C’,(rJ u H. 
Now, C&) < NH((Q1(md), Q) = N,(E). Thus, the centralizer of f on 
CH(md) is Q1( W,) of order 8. Thus, the centralizer of f on CH(rJ/ra is of 
order less than or equal to 8. Since [C,( W,), r] < w4 , 1 C,( m4): m4 1 < 8. 
By Lemma 4.3, there is a Frobenius group M < H, of order 21, with 
[M, ~1 = 1. If b is a 7-element of M, b acts freely on W, . Now, Y normalizes 
the centralizer of b on C&W,). Also, as CcHc~~)(r) = Q1(p,), and b acts 
freely on Q,( Ed), CcHcwaj(r) n CCH(m4)(b) = 1. Since C+(ty,)(b) is a 2-group 
normahzed by Y, CcN(rdp) (b) = 1. Thus, b acts freely on C,(W,). Conse- 
quently, 1 C,( W,): W, / = 1 or 8. 
First suppose C,( IQ = W, . We show that R, is a Sylow 2-subgroup of G. 
Assume that this is not the case. 
Then, as W, u H, the automizer of W, in H must properly contain 
2, x L,(2). By Lemma 4.4, it follows that the automizer of mJ in H is 
Aut (W,). The Sylow 2-subgroup of Aut (FJ is of order 212. Also, there are 
exactly 26 involutions in (IV*, r) - rd. Since E 4 (vd, f), 1 N,(E)] is of 
order divisible by at least 212, a contradiction, disposing of the case 
CH(W4) = iv,. 
Thus, we may suppose that 1 C,( TJ: W, j = 8. 
First, suppose that W, does not contain all involutions of CH(md). Then, 
some subgroup of order 2 of C,(vJw* has preimage isomorphic to 
Z, x Z, x Z, x Z, . Consequently, by the action of M, all subgroups of 
C,(m,)/ W, of order 2 have such a preimage. Let d be an element of M of 
order 3. Then the centralizer of d on C,(W,) is isomorphic to Z, x Z, . 
On the other hand, v normalizes CcH,r4,(d), and as 
CCHW4d~) = QlW,)> GH(~4)V) n CcH~ic4)(f) s z2 . 
Thus, (CCH(w4)(d), r) is dihedral or q uasi-dihedral, a contradiction. 
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Therefore, rd contains all involutions of CH(rd). 
Now, HIG(K) contains a subgroup isomorphic to L,(2). By Alperin’s 
result (Lemma 1.6), C,(vJ g 2s x .Zs x 2s . Then, M x (f) acts on 
ms = CH(mJ and Cr8(f) g Z, x Z, x Z, . It follows that if w E IV8 , that 
wf = WA, with X=-l or - 1 + 4. Consequently, all elements of 
(Y, W,) - rJ are conjugate in (r; rs>. By the Frattini argument, H = 
m8CH(f), and as E 4 CH(f), H/w, E Z, x L,(2). 
By Lemma 4.3, CH(f) contains a group (?) x T, with T, as in Lemma 4.3. 
It follows that CH(f) = (r) x T. 
By Lemma 1.6, we can choose elements s, t of H satisfying the relations 
in the definition of R, . Since H/v4 E K x Z, , where K is a split extension 
of L,(2) by Z, x Z, x Z, , and the image of f is central, s7 E sW~ and 
tr E t W, . Then, by Lemma 4.3, the remaining relations on Y follow. 
The following yields the Sylow 2-subgroup of G. 
LEMMA 4.6. Either R,n is a Sylow 2-subgroup of G, or 
(i) Rz,+l is a Sylow 2-subgroup of N,(( Wzn, r)). 
(ii) With H = NG(( Wgz, r))/O(NG((W2n, Y)), then W,,+l u H, 
and H/W,,+= g Z, x L3(2). 
(iii) CH(r) = (f) x T, with T a nonsplit extension of Z, x Z, x Z, by 
L,(2)* 
Proof. By Lemma 4.5, the lemma holds for n = 2. We suppose its 
validity for m < n, and prove it for n = m. 
Now set H’ = H/Wz,-e and Wi = mern/Fa,-, , with 7’ the image 
of r. Then, the normalizer of (Q,(w,‘), f’) in H’ is a split extension of 
Z, x Z, x Z, by Z, x L,(2). Proceeding as in Lemma 4.5 yields the 
remainder of Lemma 4.6. 
It follows that for some integer n, R,n is a Sylow 2-subgroup of G. 
5 
In this section, G is a finite group with Sylow 2-subgroup, R = R,, for 
some n > 2. We are primarily interested in the case where G satisfies the 
following hypothesis. 
(*) For E as in Section 4, N,(E)/O(Nc(E)) is a nonsplit extension of 
L,(2) by an elementary abelian group of order 16. 
Our aim is to prove, under hypothesis (*), that n = 2. Then, if G is simple, 
by Solomon’s result [271, G g C’s . Thus, in what follows, we suppose that 
n > 3. We first show that h in the definition of R is - 1. For Lemmas 5.1-5.4 
we assume (*). 
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LEMMA 5.1. (i) All involutions of (W, ,7) are conjugate. 
(ii) If t EN,(E) is an involution that induces a transvection on E, t is 
conjugate to an involution of E. 
Proof. Since N,(E)/&(E) r&(2), all . mvolutions of E are conjugate. 
Thus, r and all involutions of W, are conjugate. Moreover, all involutions of 
(W, ,7) - W, are conjugate in (W, , r), and (i) follows. Now, the group 
( W, ,7) induces on E the group of all transvections having axis Qr( W,) = E,, . 
Thus, some conjugate of t in N,(E) lies in (W, , r), and (ii) follows. 
In the following, we let E = 2+l, 6 = 2”~~. 
LEMMA 5.2. (i) x = s?~w,~w,~ is an involution. 
(ii) x centralizes s2. 
(iii) A conjugate of x lies in W. 
Proof. (i) and (ii) follow from direct calculation. To prove (iii), we show 
that x induces a transvection of E and employ Lemma 5.1. Indeed, (wrf)* = 
w3’; (w2’>” = w~‘w~~w~~; ( ~3” = w16; and 
7” z 7-Qz7Q%6 zz (rw2~w3.pJ1W zz r+&qw3~ = 7WI~W3E. 
Thus, if y E E, [x, y] E (wrEwaE), and (iii) follows. 
LEMMA 5.3. Suppose that X = -1 + E. 
(i) C,(x) = <wr2wi2, w12w;2, wrw;‘+‘ws) s Z,, X Z,,-, . 
(ii) x centralizes SW~W~W~~-*. 
(iii) (3-53~~~;~-“)2 = s‘+J;~-~~+~w~~+~. 
Proof. As 
(w1~w2bw3y = Wyw~bwy, (WlaW;wQC)2 = (w;+CW;bw;+b)-l+? 
Thus, if wlaw,bwsE C,(x), a = (-1 + E)@ + c), b = (1 + r)b, and 
c E (- 1 + <)(a + b), all congruences mod 2n. Thus, b is even and 
a + b + c E ca = EC. (i) follows easily from this and (ii) and (iii) are as 
earlier. 
LEMMA 5.4. X = -1. 
Proof. Suppose that h = -1 + l . Since some conjugate of x lies in W, 
x fuses into a central involution Then, for someg E G, xg E Wand C,(x)g < R. 
Now, C,(x)” < R, C,(x) c Z,, x .?A’,,-1 , n > 3 and R/W g Z, x D, 
together imply that ZFzm-‘(C,(x))~ < W. Thus, if n > 3, fz,(C,(x))g < W. If 
SIMPLE GROUPS TRANSITIVE ON INTERNAL FLAGS 389 
n = 3, as no element a, of R of order 4 with (a) n W = (1) centralizes 
a fours group of W, and as any element of order 4 in C&x)” centralizes 
(x, zF2”-‘(C&)))Q < W, it follows that Qr(C,(x))g < W. Thus, in,(W) = 
<x9 Ql(Gv(x))g>. 4 
Since (x, C,(x)) centralizes (x, Qr(C,(x))), (x, C,(x))g G’<W, r). Thus, 
U2(C,(x))g < W. Since (x, Cw(x)) centralizes Os(C,(x)), and since no 
element of ( W, r) - W centralizes an element of W of order 4, 
Since C,(x)g C R, (sw~w~w;~-~)Q E R. Thus, as RI W s 2, x D, , 
(s2w;1--6w4+6 2 w;3+y = ((sw,w,w;“-“)“)” E ( w, 9). 
Now s~w-~-~w~+~w-~+’ centralizes (Qr(C,(x)), x) and so Y 1 2 3 
(s2w;l-8w;+8w;3+y E w. 
Consequently, s2w;1--8wi+8w;3+’ centralizes C,(x), and so s2 centralizes 
C,(x). But (~r~w;~)~*. = w;~w~~ and 1 w12wi2 1 3 4. This is a contradiction. 
Now, Z(R) = (wl~wsE). Let H = C,(Z(R))/Z(R) x O(C,(R)), and set 
S = R/(w~~w~~). We choose generators for S as follows: 
x1 = (w;lw3)l+8, x2 = (w1w-;w3)l+8, x3 = (w1w3)-1+a, 
y1 = si% 8 2' 
y2 = @g-” 
1' 
y3 = +qQi-8 3' 
a = SC, b = fq8ql~ 8 3' 
where bar notation is used for homomorphic images. S is generated by 
x1 , x2, xs , JJ~ , y2 , y3 , a, b subject to the relations: 
xi( = 352 = $ z b2 = 1, for i= 1,2,3, 
XY’ = XT1 for i = 1,2,3, 
[Xi,Yil = rxA1 = ;Y,,Yjl = 1, for 1 <i#j<3, 
[a, b12 = 1, 
Xl a= x2 ; ,yla =y2; x3a =x3; Yf = Y3 * 
b x1 = x1 ; yl" =y1; x," =xp; Yzb = YzXa ; 
x3 
b -1 = x3 ; Y3b = YaX3 - 
Set Di = (xi, yi) z D,n; (D, , b) g (D, , b) g D2,,+1 ; Dla = D, ; 
and [D3,u] = 1. 
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Let c = [a, b]. Then, (Dl , c) G (D, , c) e D,,+l . Also (Dl , bc) s 
(D3, bc) g D,,+I . 
Let q be a prime power with the a-part of q” - 1 equal to 2”~~. Then, we 
can set up an isomorphism between S and a Sylow 2-subgroup of Q(7, q), 
the commutator subgroup of the group, 0(7, q), of all 7 x 7 orthogonal 
matrices over the finite field, GF(q). 
We shall argue that hypothesis (*) implies 
(**) S contains an elementary abelian subgroup, A, of order 64 with 
N,(A)/C,(A) c S, and A, as &-module, is isomorphic to the six-dimensional 
irreducible constituent of the standard permutation module. 
Our goal will be the following theorem. 
THEOREM 5.5. Let H be a$nitegroup with Sylow 2-subgroup, S, isomorphic 
to a Sylow 2-subgroup of ~37, q) f or some q = &l (mod 8). Suppose that 
O(H) = (I), and (**) holds. Suppose that H admits a perfect central extension 
with Sylow 2-subgroup, R, isomorphic to a Sylozu 2-subgroup of Spin,(q). 
Then, there exists a prime power q, an odd-order extension X, of 51(7, q) and an 
involution z, of S such that 
Cd.4 = cx 
-1 
-1 
-1 
-1 
-1 
-1 
1 
Theorem 5.5 and a theorem of Olsson [23] immediately yield the following. 
THEOREM 5.6. Let H and X be as in Theorem 5.5. Then, HE X. 
Then, by the structure of R, Cc(wu,~ws~)/O(C,Jw,~wsf)) is isomorphic to an 
odd-order extension of Spin,(q). A theorem of Solomon [271 then contradicts 
the existence of G. 
We shall use the notation O”(M) for 02’(M)0,(M) and O(“)(M) for 
M(“)O,@q. 
We now begin the proof of Theorem 5.6. In the course of the argument, we 
shall prove that (*) implies (**). First, we establish some notation concerning 
orthogonal groups. There is up to isomorphism a unique group, O(2n + 1, q) 
of 2n + 1 x 2n + 1 orthogonal matrices over GF(q) for n > 1. There are up 
to isomorphism two orthogonal groups of 2n x 2n matrices over GF(q) for 
n > 1. We denote by 0+(2n, q) the group of 2n x 2n matrices that preserve a 
Kl = 
SIMPLE GROUPS TRANSITIVE ON INTERNAL FLAGS 391 
nonsingular form of maximal Witt index and by O-(2n, q) the group defined 
with respect to a form of nonmaximal Witt index. Denote by Sri(j) the 
spinor norm of an element j E O(n, 4). We take the range of 5% to be {- 1, l}. 
For each q identify 7 = Q as that element of (-1, 1} satisfying q = 71 
(mod 4). Then, 0(2n, q, 7) denotes that orthogonal group of 2n x 2n 
matrices over GF(q) in which &(-I,,) = 1. 
K(n, d = {g E Ok, 4) I sn(g) = 11. 
SO(n, q) is the kernel of the determinantal map on O(n,q). Q(n, q) is the 
intersection of K(n, q) and SO(n, q). 
The &- and 7 notation restrict to these subgroups in the obvious way. Let 
V be a vector space with a nonsingular orthogonal geometry. O(V) is the 
group of all isometries of V. K(V), SO(V), and .Q( V) are the obvious sub- 
groups. 
We now set up an isomorphism between S and a Sylow 2-subgroup of 
52(7, p). Di is isomorphic to a Sylow 2-subgroup of K(2, p, 7). Choose the 
form with respect to which 52(7, q) is defined so that 
1 
1 
1 
1 
(det A)-l 
n 52(7,4) 
is isomorphic to K(2, q, 7) and likewise for 
K, = 
A 
1 
ji 
n 52(7,4) 
1 
(det A)-l 
and 
KS = 
1 
1 
1 
1 
A 
(det A)-l 
n 52(7,4). 
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Let TI E Syl, (KJ and let 8,: D, --f 7’r be an isomorphism. We may select 
our form so that 
Let T, = Tla, and let 0,: D, --+ T, be an isomorphism. We can find 
fl E N,(,,,l( T,) of the form 
where B is an element of order 2 in 0(2, q, 7) - K(2, q, 7). As /3 normalizes 
K, , there is a Sylow 2-subgroup T3 , of K3 normalized by /?. Let 8,: D3 -+ T3 
be an isomorphism. Let T = (Tl , T, , T3 , a/3). Then, T E Syl,(Q(7, q)), 
and it is easily verified that the map 8: S -+ T by BDi = 0, , e(a) = OL, B(b) = /3 
is an isomorphism. For involutions u, of S, we say that u is of type 2,4, or 6 
according as e(o) has 2, 4, or 6 eigenvalues - 1. We shall occasionally refer 
to an underlying vector space, V = V, @ Va @ Va @ V, , such that, 
dim V, = 2 for i = 1,2, 3, dim V, = 1, and Ki is regarded as acting on Vi . 
We freely identify CJ and e(u) and speak of the eigenvalues of u on Vi for 
uE@l,D2,D3,b,+. 
We first determine the S-conjugacy classes of involutions. Let zi = xis. 
Let yj be an involution of Di not Di-conjugate to either yi or to zi . 
LEMMA 5.7. (i) S has 28 classes of involutions with representatives z1 , 
Yl> YlYZ 9 x3 9 Y3 Y YlY3 9 Xl%? > Yl&? > %Zs > ZlY3 9 YlZ3 7 Yl~ZY3, YlYZZ3 > 
YlY2Y3 > YlY2Y3’9 ZlZ2Z3 , z1z2Y3 , YlxZz3 , h bz, , by, , C, Cz3 , 93 , a, az3 , 
aY3 y aY3’- 
(ii) S has 2-rank 6. J(S) = D, x D, x D, . S has two conjugacy 
classesIof elementary groups of order 64 with representatives 
A =<xl,yl, z2~Y2,z3~Y3 ? > and A’ = <zl>Yl,z2,Y2,z3,Y;). 
(iii) Let K, denote the S-class containing 01. 
Kzlz, u Km u Kw, v  f&v, ” Kw, ” Kwgv~ ” Kwzzs u Kmvs 
is a union K, of H-conjugacy classes of S. 
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Proof. (i) Let J = D, x D, x D, . Clearly, /has 63 J-classes of involu- 
tions with representatives d,d,d, , where di E { 1, Xi , yi , yi’} and d,d,d, # 1. 
Conjugating by elements of (b, c), we can get di E (1, zi , yi> for i = 1,2 
and if dl # y1 or dz # yz , we can get d3 E { 1, z3 , y3}. Of the 27 classes of J 
under J(b, c), 18 are fused pairwise by a. Thus, J has 18 S-classes as listed. 
The remaining involutions are S-fused into Ja LJ Jb u Jc. As (Dl , D, , a) g 
D2l-G 9 all involutions of (Dl , D&z are (Dl , D, , a)-fused to a. As 
D, centralizes a, it follows that all involutions of Ju are fused to one of a, 
az3, a~, , or ay3’. It is easily seen that these represent distinct S-classes. 
The elements of D, x D3 inverted by b are precisely xzix3j, 1 < i,i < n - 1. 
Thus, the number of involutions in (D, x D,)b is 
22n-2 = 1 D, x D, : C,,,,,(b)I. 
Thus, all involutions of (D, x D,)b are conjugate to b. Thus, as before, all 
involutions of Jb are (1, b)-conjugate to b, xlb, ylb or yl’b. Now, 
( yl’b)Odl = y,b for some dl E D, . It follows that b, z,b and y,b represent the 
S-classes of involutions in Jb. A similar argument handles Jc. Now, (i) 
follows, and (iii) follows from the fact that members of the classes indicated 
lift to involutions in R, whereas members of all other S-classes lift to elements 
of order 4 in R. We note that K is precisely the set of involutions of S of 
type 4. 
Let D,, = (d,d,@ 1 dl E Dl). Then, C,(a) = (D,, , D, , a, c) = Cs(az,). 
C&y,) = CD,, , z3, y3, a, c> and C&Y,‘) = (4, , z3 , ~31, a, 4. Each of 
these groups has 2-rank 5. C’s(b) = (x2, x3, b, c, Dl) = Cs(bx,). Cs(by,) = 
<z2 9 z3 T  b, z1 , yl). Each of these groups has 2-rank 5. The same holds for 
involutions in Jc. Thus, J contains all abelian subgroups of S of 2-rank 6 
and is generated by these. Thus, J = J(S). Moreover, it is clear that A and A’ 
represent the two S-classes of &‘s. This proves (ii). 
LEMMA 5.8. Hypothesis (*) implies Hypothesis (**). 
Proof. Let R, = R n N,(E). Th en, (w1~w3Q = Z(R,,). Let H,, = 
CNG(E)(~1(~3~)/Z*(CNG(E)(~1~~3~)). As ZV,(E)/O(No(E)) is isomorphic to a 
2-local subgroup of C, , it is immediate from the structure of C3 that H,, 
is isomorphic to a split extension of L,(2) by an elementary group of order 64 
and the L,(2) acts indecomposably with two irreducible three-dimensional 
composition factors. It follows that the normalizer of some Es4 in H involves 
L,(2). Without loss, we may assume this EB4 is A. Thus, H contains a subgroup 
K, , with K,,/O(K,,) isomorphic to H,, and 
K, n S = A((x,x,)~/~, (+~~)a/~, a). 
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As in [25], we see that the fusion induced in A by Ku is uniquely determined. 
We find that zi w yi N yr ya - za - ya - yi ya and zrzeza - z1.z2y3 - ylzzz,. 
Now, J is weakly closed in S with respect to H. Thus, by Burnside’s lemma, 
if za -H zlzzzs , then za -NH(J) .zl.zZ~a . By the Krull-Schmidt theorem, 
NH(J) permutes the elements of the set (zr , za , xa}. Thus, za & .zi~~.za . 
Hence, K,,,,, u K,,,,, ” K,,z,z, is a full H-class of A consisting of seven 
involutions. Thus, N,(A)/C,(A) . . is isomorphic to a subgroup of S, containing 
L,(2) and a Sylow 2-subgroup of S, . Hence, N,(A)/C,(A) G S, . The 
unique nontrivial GF(2)-module for S, of dimension at most 6 is the six- 
dimensional irreducible constituent of the standard permutation module. 
Thus, N,(A)/O(N,(A)) is th e s i extension of S, by EB4 afforded by this pl t 
representation. Thus, Hypothesis (* *) holds. 
As in [25], we may describe the action of N,(A)/C,(A) on A in the 
following manner. Let yi = e, + eai and ziyi = e, + eai+r for 1 < i < 3. 
Then, N,(A)/C,(A) acts on A = Cj’=, GF(2) . e,+j by permutation of the 
subscripts. It follows, in particular, that all involutions of K n A are 
H-conjugate. 
LEMMA 5.9. (i) J has three H-classes of involutions with representatives 
zs , Zpz~ ) and Zpz#Q . 
(ii) U,yqZ3. 
Proof. (i) We know that x a , ziza , and zrzaza are representatives of the 
N,(A) classes of A and that za +H ziza & .+z,za +H za . 
Suppose that yryaya’ is not H-conjugate into A. Certainly, +zaya’ is 
H-conjugate to zlzzzs . Thus, there exists h E H’such that (~rzaya’)~ = Z~X~Z~ 
and C,(z,~~ya’)h ,( S. If  (A’)h is not H-conjugate to A’, then (A’)hs = A for 
some s E S. But then, (yryaya’)h~ E A, contrary to assumption. Thus, we may 
assume that (A’)h = A’. Now, xlzaza has five conjugates in A’ n A, and these 
five conjugates are fused under N,(A) n N,,(A n A’). Also, 
N,(A) n N,(A n A’)/C,(A) g N,(A’) n N,(A n A’)/C,(A’) gg 2, x S, . 
One checks that x,z,za has 7 conjugates in A’ and so N,(A’)/C,(A’) s S, . 
Thus, 
YlY2Y3’ &TAP) %% . 
We conclude that yryaya’ is H-conjugate to z,za . Now, (i) holds. 
As a EN,(A)‘, a is H-conjugate to an element of Ayl*yz*, where 
s n K&V = A<Y,*Y,*, Y~*Y~*, a> and yp.* is an involution of Di - A 
normalizing A. Now, every involution of Ay,*y,* that lifts to an element of 
order 4 in R is H-conjugate toy,*y,*. Thus, a ~~yi*ya* wH zs . Hence, (ii) 
holds. 
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We are now ready to determine C~(u)/O(C~(u)) for (I E Z(S)@. 
LEMMA 5.10. 
for some odd prime power q. 
Proof. Let C, = C,(xs), Czs = O”(C&s))/O(C,(zs)). Let 
So = 0% x D2 , a, c, by3). 
Then, S, is a maximal subgroup of S. Representatives for the S-classes of 
S - So are y3 , xY3 , w3 7 %'2Y3, Ylz2Y3, YlY2Y3 3 YlY2Y3'9 h bzl> by,, 
cy3 , ay, , ay,‘. Thus, if x is an involution of S - S, , x has one eigenvalue-1 
on I’, . Thus, x and xzs have the same number of eigenvalues-1. In particular, 
either (x, xz3} < K or {x, xz3) n K = o . Now, Q,(S,) = (Dl x D, , a, c, z3). 
Thus, if y is an involution of S, , y has either zero or two eigenvalues-1 on 
V, . Thus, I{y, yz,} n K 1 = 1 for all involutions, y, of S,, - (z3}. Hence, 
x +c y for any such pair (x, y). Thus, by the Thompson transfer lemma, no 
involutions of S - S, are in O?(C,). 
Now, every involution of D, x D, is S-conjugate into (zr , y1 , as , y2). 
Moreover, (zr , yi , z2 , y2 , y1*y2*, a) is a Sylow 2-subgroup of 
Qy(&l 7 Yl ) % 9 Y2)h 
a group isomorphic mod core to an extension of A, by an elementary 
group of order 16. Thus, (Dl x D, , a) < 02(Cl). Also, c = [a, b] E 02(Cl). 
Letting T = S n 02(Cl) b e a Sylow 2-subgroup of 02(CI), we have 
S, = (Dl x D, , a, c> < T. 
Now, S/S, is dihedral of order 4~ and bS, and y3Sr represent the non- 
central involutions of S/S, . Since b $ T and y3 # T, it follows that T/S, is 
cyclic. Then, T = &(m>, where m E (bya). So (m) n S, = 1. 
If m # 1, Q,((m)) = (z3). By the generalized form of Thompson’s 
transfer lemma, either z3 = Q,((m)) fuses into S, in C, , a contradiction, 
or Oe(C1) has a subgroup of index 2, a contradiction. Thus, m = 1. Hence, 
Sl E SY12(OP(W 
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Let Kr = 02(C,). Then, K,/O(K,) is a fusion simple group with Sylow 
2-subgroup of type Q(5, q) for some q = fl (mod 8). Now, by a theorem of 
Gorenstein and Harada [9], O”(KJ/O(KJ E .Q(5, q) for some q E -j=l 
(mod 8). As D, centralizes S, , D, centralizes O”(K,)/O(K,). Thus, cZ, 
contains a subgroup of index 2 isomorphic to !45, q) x D,n. Finally, by the 
action of b on S, , 
1 
1 
1 
ii 
-1 
-1 
1 
1 
1 
I; J 1 
LEMMA 5.11. CH(z,)/O”(CH(z,)) is cyclic. Let !P E C&J such that P 
generates CH(x,)/O”(CH(z,)). Then, F acts as a Jield automorphism of order 
n on O~m~(CH(x,))/O(CH(z,)) for some odd positive integer n. Y may be chosen of 
odd order centralizing (z3 , x1x2). 
Proof. If Y E C,(q) of odd order, then Y centralizes 
O~(~~(~,))/OC”‘(~H(~S))~ 
Thus, if Y also centralizes O~m~(C,(~s))/O(C&s)), then YE O(CH(zs)). 
Thus, G(~d/O”(C&J) is isomorphic to an odd order subgroup of 
Aut(Q(5, p))/Q(5,p). Then, by a theorem of Stekberg [28], C&s)/O*(C&s)) 
is cyclic, and if Y is a generator thereof, then !P acts as a field automorphism 
of order n on O~m~(C&s))/O(C~(zs)) f or some n. As x,.z, is contained in some 
s2(5, p) where GF(p) is the prime field, Cc&~& covers Cs/O”(Ca). Thus, Y 
may be chosen of odd order in C,((za , zrzs)). 
Now, let X be isomorphic to an extension of Q(7, q) by a field automorphism 
of order n, where q and n are the integers determined in the preceding 
lemmas. 
LEMMA 5.12. 
-1 
-1 
-1 
-1 
-1 
-1 
1 
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Proof. Let Ca = C&,z,z,). Now, Cc&) contains a section isomorphic 
to 0(4, q, 7)’ with Sylow 2-subgroup (x1 , x2 , yiys , a, c). Thus,(x, , xa , 
ylyz , a, c> G @(G). Now, yi* is not H-conjugate to yi*x for any 
yi* E Di - D1’, z E Z(J) - Z(DJ. Th us, by the Krull-Schmidt theorem, 
any element of NH(J) permutes D, , D, , and D, . In particular, NH(J) < 
Cdwz4. As 21 -H 23 , it follows from Burnside’s lemma that there exists 
p E NH(]) with D1p = D, , D,p = D, , D3p = D, . Thus, NH(]) = 
OWHLW b, c>(P, > d a an we may pickp so that bp = bc, (bc)n = c, cp = b 
andpa = P-l. Thus, (~1, ~2 , ~1~2 , a, c>" = (~2 , ~3 , ~2~3 , b, 6 d 02(C3). 
Thus, s3 = <XI 3 % 1 X3 9 Y1Y2 , y2y3 , a, b, c) < 02(C3). Now, all involutions 
of A n 5’, are N,-JA)-conjugate to z3 , zlz2 or .s,z,z, . Moreover, a and c are 
conjugate to zi in Cc,(z3) and b is N,(J)-conjugate to c. Thus, all involutions 
of S, - K are C,-conjugate to z3 or z1z2z3. Were y1 C,-conjugate to x3, 
then y1z1z2z3 would be H-conjugate to zlz2, contrary to fact. Thus, by 
the Thompson transfer lemma, y1 # 02(C3). Thus S, E Sy12(02(C3)). 
Let L, = 02(C3)/Z*(C3). Then, L, is a fusion-simple group with Sylow 
2-subgroup of type PQ(6, q, 7). Moreover, CLa(z3) contains a section isomor- 
phic to PQ(4, q, 7). Thus, by a theorem of Mason [20,21], L, is isomorphic to 
an odd-order extension of PQ(6, q, 7). By the structure of S, C,/O(C,) is 
isomorphic to an odd-order extension of K(6, q, v). By a theorem of 
Steinberg [28], a Hall 2’-subgroup of Aut PQ(6, q, 77)/Ps2(6, q, 7) is cyclic. 
If f  E C, - O”(C3), then some conjugate of f centralizes z3 . This, with 
Lemma 5.11, implies that C, = O”(C,)(Y). Lemma 5.12 now follows. 
We now consider C, = CH(zlzz). We need some facts about fusion of 
involutions in C, . 
LEMMA 5.13. (i) The following fusion occurs in C, . 
Xl - YlY2i z3 -Y3; Yl NYlY3i Ylz2 - x2YlY3; 
%X3 - Yl Y2’3 -YlY2Y3 - %Y3; ZlZ2Z3 - *lz2Y3 . 
(ii) ~1~~3~Y1~~1~3~~3Y1~~1~2~Y1~2~ 12 3, z z z undy,z,z, are representa- 
tives of the C,classes of A#. 
Proof. We obtain (i) by inspection in N,,(A). As 
The same reasoning shows .a;~, +c, z3y1 +c, ylz2 +c, +x3 and ~~~~~~ +c, 
y,z,z, . This proves (ii). 
4W39b5 
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LEMMA 5.14. Let S, = (x1 , x2 , .x3 , yI yz , y3 , a, c). 
(i) S, < C,‘. 
(ii) b is not C,-conjugate into (S, , yJ. 
(iii) bc +,-, yI . 
Proof. As in Lemma 5.12, we have (x1 , x2 , yrys , a, c> < @(C,). As 
every involution of D, is &-conjugate to xa , D, < C,‘. Thus, S, < C,‘. This 
proves (i). 
Suppose that b is Cs-conjugate into (Ss , yr). Now, in Cc2(za), we have 
a - c N z1 . Thus, b is C,-conjugate to zr , xa , or yr . Now, 
I{& b.v,) n K I = 1, 
whereas l{zl , za> n K 1 = o = I(x 
Suppose that b wc,yl. 
3 , ,v~~,I n K I. Thus, x1 6, b &, z3 . 
Then, there exists h E C, with bh = y1 , C,(b)h < 
CdyJ. Thus, <Q, ~2, ~3, b,c)h < <~1,y1,Dz,D,,b). Asx,~<D1,~2, 
x3,4 c)', qh E (aI ,yr , D, , D, , b)’ = (x2, ~a). Thus, xlh = x,x,~ for 
some i. Now, z, E Cs((xIh, yr)) = (zr , yr , x2 , D3). Thus, z3h E D, . Now, 
if .zgh = zs , we have bz, 6 K, but (bz3)h = y1z3 E K, a contradiction. Hence, 
we may suppose zah = y3. Then, yI, c E C,(x,) imply yrh, ch E C,( y3) n C,( yJ = 
<~1PY1,~3,Y3, D,). Thus, [ylh, c”] E (x2%). But xlh = [yIh, c”] = x2x3i, 
a contradiction. This proves (ii). 
Suppose that bc wC1 y1 . Let h E C, with (bc)h = y1 , Cs(bc)h C Cs(yl). 
Thus, (~I,23 > D,, b, cjh < (~1, yl,D, > D,, 6). Thus, (~2)~ = ((.q, ~2, 
D, , 6, c)‘)” < (zr , yr , D, , D, , 6)’ = (xa , x3). Thus, z2h = z2 , whence 
Zl 
h= zr . As b is not C,-conjugate into (S, , yr), bh E (zl , y1 , 
D, , D3)b. Hence, ch E (zl , yr , D, , D,)b. Thus, ch has an eigenvalue -1 
on both V, and V, . Thus, (czJh = zlch has four eigenvalues -1. But 
CZl “H c -H zs , a contradiction. 
LEMMA 5.15. S, E Syl,( 02( C,)). 
Proof. CIA<% , z3)) contains a subgroup, K, with D, E Syl,(K) and 
K/O(K) g PSL(2, q). Thus, C,((x, , z,)) contains a subgroup, L, , with 
D, E Syl,(L,) and L,/O(L,) s PSL(2,q). Also C2 has a subgroup, L, , with 
<x 1 , x2 , ylyz , a, c> E SYNC&) andLllO(Ll) = 0(4,4, ~1'. Thus, S2 < 02(C2). 
By Lemma 5.14(ii) and the Thompson transfer lemma, b 4 02(C,). Thus, 
one of S, , (S, , yr) or (S, , by,) is a Sylow 2-subgroup of 02(C2). Suppose 
that (S, , yr) E Syl,(02(C2)). By the Thompson transfer lemma, yr is 
C,-conjugate to some element of S’s . Thus, yr -etl z, or y1 woo z, . But 
I{yr , yIz1z2} n K 1 = 1, a contradiction as in Lemma 5.14(ii). 
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Suppose that (S, , by,) E Syl,(02(C2)). Then, by, is C,-conjugate to some 
element of S,. Thus, by, wCe zlza. Pick h E C, with (by# = z1z3, C,(byJh < 
C&4. Thus, (~1, ~2, ~3, h ~1)” < <J, 4 c>. Now, bh 4 692, YI>. Thus, 
ylh # (S, , yl). Thus, yi* is conjugate to either b or bc. But b +,-, y1 +c, bc. 
Thus, S, E Sy12(02(C2)). 
LEMMA 5.16. 
Proof. Let Ca = O(m)(Ca)/(~1~2). Then, 
and s2 = r, x T2 x Ts with ri e D,n, Ta E i& . Suppose that %ai is 
conjugate to an element of S, - li, by some FI E C2’, for some integer i. Then, 
ji’3i # ~?a, and as ga is the only C2’-conjugate of ~a in W(s,), .%ah = ~a. But 
%.ai s not Cct(,Q-conjugate to any element of S2 - Ts. Thus, Ts is strongly 
closed in S, with respect to C2’. 
By inspection in NH((zl, z2)), we find a subgroup, M, with 
Us a, c> E Syl,(M) 
and M/O(M) = (Dl , D2, a, C) x L, where Ds E Syl,(L) and E g PSL(2, q). 
Thus, by the Frattini argument, NIM((D1 , D, , a, c)) = (Dl , D, , a, c) x M,, 
where D, E Syl,(M,) and M,/O(n/r,) c PSL(2, q). Thus, all involutions of 
D, are conjugate in C,((D, , D, , a, c)). 
Let $ be an element of the cyclic subgroup of Ti of order 2+r, for i = 1 or 
2. As / S,: CSa($)I < 2, ti is an extremal element of S, _ Suppose that 
7 -c ’ & for some 7 E &-. Then, there exists K E Ca’ with 7’; = & and 
C,B($)h < Csa(&). Now, ~a E C,&V) and 5,” E Ts . Pick K E C~,~((&, D2, a, c)) 
such that (~a’)” = E a . Then, 3”’ = - ti and hk E Cc,(.Q. As Ti is strongly 
closed in S2 with respect to C&+Q, 7 E Fd . Thus, Ti is strongly closed in s2 
with respect to C,’ for i = 1,2, 3. 
Now, by a theorem of Harris [15], Ca’ has normal subgroups, r;i , with 
Ti E Syl,(z,). It is immediate from the known structures of C&z,) and 
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C&Y,) and from a theorem of Gorenstein and Walter [13] that Cz’/O(CF?‘) E 
PSL(2, q) x PSL(2, q) x PSL(2,q). By the structure of S, 
1 
1 
As O(~)(C,)/O(Cs) g Q(4, q, 7) x PSL(2, q), a product of nonisomorphic 
indecomposable factors, any automorphism normalizes both factors. It 
follows that any odd-order automorphism of O~m~(Ca)/Z*(C,) normalizes 
each direct factor. Thus, by Steinberg’s theorem [28], any odd-order element 
of C,/O~m)(C,) acts as a field automorphism on each factor. It follows as 
before that C, = O(m)(Cs)(Y). This proves Lemma 5.16. 
It now remains to prove that O(C o ( xlzzzs)) = (1). We accomplish this, as 
usual, by constructing a 2-balanced signalizer functor. 
DEFINITION. Let T be an elementary 2-subgroup of the finite group, H. 
Set 40) = nteH# Os(Cx(t)). If T has 2-rank Y, write TEE,(H). 
Let E be an abelian 2-subgroup of H. His 2-balanced with respect to E if, 
for each T E E.&Y), and each e E E#, dH( T) n C,(e) C O&C,(e)). 
LEMMA 5.17. Let V be an GF(q)-space with a geometry given by a non- 
singular, symmetric form. Let T = (tl , tz) E E,(O( V)). Then do(,)(T) = <l). 
Proof. This is proved in [26, Lemma 3.11. 
LEMMA 5.18. H is 2-balanced with respect to A. 
Proof. We must prove that for any T E E,(A) and a E A#, 
As N,(A) controls fusion in A, we may assume that a E (zrzs , zs , zlzsza}. 
Fix T = (tl , tz) E E,(A). As Y $ O,((C,(a)) for any a E A#, d,+)(T) = 
dca(T), where Co(a) = C,(Y). 
Suppose that a = xs. Let Ci = C&a)/O(C&a)). Then, 2 G K1 x (~a, ys). 
Thus, we may assume that T C K1 . Then, by Lemma 5.17, AR,(T) = (i). 
Thus, A,(T) n G&d < OGd~,)). 
Suppose that a = xrz, . Let C, = C,(zlzz)/O(C,(z,z,)). Then, A G&X.&;,, 
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where & s K(4, q, q), Es z PSL(2, q). Let pi be the projection map onto E, . 
Ifp,(T) E E,(&), then dE.(T) = (i) by Lemma 5.17. If not, then& < Cup 
for some t E T# and, again, AL,(T) = (i). Thus, 
whence, dcz(T) = (i). 
Now, let Cs = Cs/O(C,) and K3 = O”(Cs)/O(C,) z K(6, q, 7). Then, 
AC,(T) = dgs(T) = (i). 
This proves Lemma 5.18. 
COROLLARY 5.19. Set WA = (c,(a) n d,(T) 1 a EL++, TE &(A)). 
(i) WA has odd order. 
(ii) Let E be a subgroup of A of rank at least 3. Then, N,(E) < NH( WA). 
Proof. This is proved by Gorenstein in [8, pp. 90-1251. 
For the remainder of the argument we assume that His a minimal counter- 
example to Theorem 5.6. 
LEMMA 5.20. dH( T) = (l), for all T E E,(A). 
Proof. Suppose that 1 WA 1 > 1, whence, NH(WA) < H. Set N = NH(WA). 
Then, S < N,(Z(j)) < N and N,(A) < N. Clearly, N has a perfect 
covering group with Sylow 2-subgroup isomorphic to R, as H does. Thus, by 
induction, N/O(N) is isomorphic to an odd-order extension of Q(7, ql) for 
some ql = fl (mod 8). As C,((z,z, , xs , ys)) involves Q(4, q, v), ql = q, 
and clearly, Y covers N/Otm)(N). 
Thus, C,(,)/O(C,(u)) g C,(u)/O(C,(u)) for u E (zlz, , %a)#. Now, 
Thus, C,(U) = CH(u) for all u E (z1z2, ~a)#, and hence, for all involutions 
of N. But then N is a strongly embedded subgroup of H, contradicting the 
fact that H has three classes of involutions. 
Thus, WA = (l), whence, d,(T) = (1) for all T E E,(A). 
COROLLARY 5.21. O(C&,z&) = (1). 
Proof. Set Ri = O,*(Ci), i = 1, 2, 3. 
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where [q-q/e = us , (5, 7s) E K(2, q, y), (5, r3, b) g 0(2, q, 7) and p acts 
on (5,~s , b) as a field automorphism of order n. 
C&$z2) = Cc,@J s G2(z,>. 
Thus, CRJ.ss) < R, n R, and CRI(qzz) < R, n R3. But CR3(zs) = 
C&,4. Thus, G&4 < &MS)) = (1). As ~3 -c, ~1~3 -c, ~3~1~3 > 
R, = (G&4 !  0 E (~3 >yly3)#) = (1). 
Thus, 
- 1 
-1 
-1 
--I 
-1 
-1 
1 
But then, by Olsson’s theorem [23], Hg X, contradicting the fact that H is 
a minimal counterexample to Theorem 5.6. Thus, Theorem 5.6 is proved. 
As indicated above, Solomon’s theorem [27] now gives the conclusion that 
R = R, . Thus, E is normal in R, and if G is simple, G z C, . This completes 
the proof of Theorem C. 
6 
In this section, E is an elementary abelian group of order 25 and 
H = No(E)/O(No(E)) is a nonsplit extension of E by L,(2). This 2-local 
configuration occurs in a simple group FT recently discovered by Fischer 
and Thompson ([30]). Parrott has characterized FT by the centralizer of an 
involution [(29]). We shall prove that if G is simple, G g FT. 
Let E,, be a subgroup of index 2 of E. Then, iV,(E,) has a subgroup 
A g 2, x 2, x 2, x 2, with O,(A) = E,, and N,(E,)/A s as, a perfect 
central extension of As by 2, ([4]). 
If t is an involution in A, having two cycles, t lifts to an element of order 4 
in As and 1 CEO(t)1 = 22. If t in A, has four cycles, t lifts to an involution in as 
and / CEO(t)1 = 23. 
Taking this information together it follows: 
LEMMA 6.1. LettEH- Ewitht2EE. 
(i) If 1 CJt)/ = 23, then / t 1 = 4 and tE contains no involution. 
(ii) If / Ce(t)I = 24, then tE contains an involution. 
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We take P to be a Sylow 2-subgroup of N,(E,,). Then, A C P. Also, 
P is a Sylow 2-subgroup of H. We take j an involution of E - E, . Then, 
(jA) = Z(N,(E,)/A) and j inverts A. 
LEMMA 6.2. A is the only abelian subgroup ofP of type (4,4,4,4). 
Proof. Suppose B c P is of type (4, 4, 4, 4). Set BO = B n A. If 
B n jA # ,0, then as j inverts A and B is abelian, B, C!&(A). Thus, 
B/B, contains an elementary abelian group C of rank 4. By the structure of 
as , the image of C in A, E L,(2) consists of the group of transvections 
having the same center or axis. In particular, C is self-centralizing in 
iV,(E,,)/A. Thus, B, is elementary abelian of rank 4. Since B centralizes B, , 
B Z (A, j), a contradiction. Thus, B n jA = a. 
Then, as A, contains no subgroup of type (4,4), B, contains a subgroup of 
type (2, 2,2). Th us, all elements of B induce the identity or transvections on 
fin,(A). Thus, B/B, is elementary abelian and Q,(B) = Q,(A). Thus, 
B C (A, j) and so B = A. 
The following general lemma can be proved by calculation: 
LEMMA 6.3. Let V be a subgroup of GL(n, 2) such that all elements of V# 
are transvections. Then, either V lies in the group of transvections with a 
fixed center or the group of transvections with a fzxed axis. 
LEMMA 6.4. Let C be an elementary abelian 2-subgroup of H with 
j C: C n E I > 4. Then, CEIE lies in the group of transvections having a$xed 
center. 
Proof. If not, by the last lemma, CE/E lies in a group of transvections with 
the same axis. The preimage of such a groups lies in (j, A), contrary to 
IC:EnCl 34. 
Let M be the subgroup of H centralizing e, where (e) = Z(P). M/E is a 
split extension of L,(2) by an elementary abelian group of order 16. Setting 
R = OZ(M), it follows quickly that R is extra-special of order 2g. 
LEMMA 6.5. R is the only extra-special subgroup of P of order 2g. 
Proof. Let S C P be extra-special of order 2g. Then, S n E # 1, and as 
L,(2) has no abelian subgroup of order 28, 1 S n E 1 > 22. Now, S n E lies in 
some elementary abelian subgroup of S of order 25, say D. Let Fr ,..., Fk be 
elementary abelian subgroups of S such that / Fi 1 = 25 and Fi n D = Z(S). 
Note that S = (Fi). Also, Fi n E = Fi n S n E = Z(S). By Lemma 6.4, 
it follows that Fi’ induces on E the group of transvections having a fixed 
center. Since [S n E, FJ = Z(S), the center is Z(S). Since (Fi) = S, and 
I S / = 29, E C S, and the rest follows quickly. 
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Our first goal is to show that P is a Sylow 2-subgroup of G. Let 
F = ((12)(34)(56)(78), (13)(24)(57)(68), (15)(26)(37)(48), (2354786)) 
be a Frobenius group of order 56. Griess observed the following: 
LEMMA 6.6. Let B be an abelian group of type (8, 8, 8, 8). Then, F does not 
act on B in such a way that O,(F) induces on B/Q,(B) thegroup of transvection 
having a $xed axis. 
Proof. We assume the action exists and derive a contradiction. Let 
U = (el ,..., es) be the permutation module for F in the above representation 
and note that if the action on B exists, B is a Z[F]-homomorphic image of U. 
Thus, B is a U/S U Z[F]-homomorphic image. Set fi = & in U/S U = 8. 
Then i7 = V, @ V, @ V, @ V, where VI = (fJ, V, = (fl + f.  + f3 + 
f4 + fs + fs + f7 + fs>, V, = (5fi + 7f3 + f4 + 2fs + fG > f* + 5f3 + 
2f4 + 7f5 + f? 9 6f, + 7f3 + 3f4 + 7fs + fs), V4 = (2fz + 7f3 + f4 + 
5f5 -I- fa, fi + 2f3 + 5f4 + 7fS + f, , 3f, + 7f3 + 6f4 + 7f5 + f&. More- 
over, VI, V, , V, , V, are (2354786)- invariant. Let fib be the kernel of the 
homomorphism from u onto B. Then, u,, n ( V3 + V,) # 1, by counting, 
and as ((2354786)) induces inequivalent representations on V.J4Va and 
V,/4Ve 9 D,,bnV,#l or UonV4#l. Thus, Uo=T@Vi where 
T C VI @ V, , 1 T 1 = 8 and i = 3 or 4. Let j = (12)(34)(56)(78) and 
s = (2354786) and v E Vi. Then, vj = t + w, t E T and WE Vi and 
vj* = t + ~8. Thus, vjs - vj E Vi . 
Ifi=3,setv=5f,+7fa+f,+2fj+f,.Then,vjS-vj$Va. 
If i = 4, set v = 2f, + 7f3 + f4 + 5f5 + fs . Again, V~S - vj $ V, , and 
the lemma follows. 
LEMMA 6.7. Aut(A) is an extension of an elementary abelian 2-group B of 
order 21e by L,(2). 
B has L,(2)-invariant subgroups B, of order 2 and B, of order 215. B, C B, and 
LX2) is irreducible on B,/B,, . B is a uniserialL,(2)-module. 
Proof. B is the subgroup of Aut(A) that centralizes A/Q,(A) and 
B e V @ V*, where I’= Q,(A), all isomorphisms relative to the action of 
L,(2). B may be identified with 4 x 4 matrices over GF(2) with the action of 
L,(2) by conjugation. Then, B, = (I) and Bl consists of the matrices of 
trace zero. 
Let V = V, @ V, , 1 V,, 1 = 2 and 1 VI 1 = 23. The subgroup of L,(2) 
fixing V, and V, is L,(2) and B z (V,, @ VI) @ (V,, @ VI*), as an L,(2)- 
module. In the notation of Lemma 4.4, B, is isomorphic as an L,(2)-module 
to V,, @ VI @ VI* @ V, . Denoting elements of B as [aJ, V, = (I), 
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V, = {[aii] / aii = Ounless(i,j) =(1,2),(1,3),(1,4)), V,* ={[aJ j+ =0 
unless (i, j) = (2, l), (3, l), (4, l)}, and I’s = ([aij] 1 uls = ula = a,, = us1 = 
u3r = u4r = 0 and [uaiJ E B,). The rest of the lemma follows quickly from this. 
LEMMA 6.8. P is a Sylow 2-subgroup of G. 
Proof. Let Q be a Sylow 2-subgroup of G with Q 1 P and set Q0 = N,(P). 
By Lemma 6.2, A 4 Q,, and (A, j) 4 Qs . 
LetL = N,((A, j))/O(N,((A, j))). Let T = Co&A). Then, T 4 L. Thus, 
[T,J] CA. Also, C,(j) !.Z C,(E) implies C,(j) = Q,(A). Since j centralizes T/A, 
( T/A 1 < 24. Now, L has an element f of order 15 that centralizes j and acts 
freely on Gr(A). If f Ic # 1 and Cr( f “) # 1, then C+n,( j) # 1. But Cr( j) = 
Q,(A). Thus, if f * f 1, C,(f “) = 1, and (f) acts freely on T. 
Thus, either T = A or j T : A ] = 24. 
First, suppose 1 T : A 1 = 24. 
We claim that Q,(T) C A. If this is not the case, since A c Z(T), T has a 
subgroup T,, that is abelian of type (4, 4, 4, 4, 2). Let x E .Ql(TO) - l&(A). 
Then, xj = x * a, a E Q,(A). Since j inverts A, there is a b E A, such that 
bj = bu. Thus, (xb)j = b x and xb 6 A, contrary to C,(j) = QJA), and 
the claim follows. 
By Higman’s result on Suzuki 2-groups [ 181 it follows that T is homocyclic 
abelian. Now by Lemma 6.6 and the structure of N,(A), it follows T = A. 
Now by Lemma 6.7, it follows that 1 Qs: (j, A)] > 220. Now, (j, A) has 
24 elementary abelian subgroups of order 32 and so a Sylow 2-subgroup of 
N,(E) has order at least 29 . 216, a contradiction. 
We next determine the structure of C,(e), where (e) = Z(P). Since E has 
one H-conjugacy class of involutions and H - E has one H-conjugacy class 
of involutions, it follows by Goldschmidt’s theorem that G has one conjugacy 
class of involutions. We know N,(R)/RO(No(R)) contains A, . We show next 
that N,(R)/RO(N,(R)) g A, . 
LEMMA 6.9. Let t be an involution of R - E. Then, some conjugate of 
(t, e) lies in E. 
Proof. C,(t) = R, x (t), where R, is extra-special of order 27,Z(R,) =(e). 
Moreover, there is some g E G such that tg = e and CR(t)g C P. If eg E E, the 
lemma follows. If eg 6 E, then R,g n E = 1. Then, R$ = (Pig, P$), where 
PI , Pz are elementary abelian of order 24. By Lemma 6.4, PI” and Pzg each 
lie in groups of transvections having a fixed center. Since Pig n P$ # 1, 
Rag lies in the group of transvections having some fixed center, an obvious 
contradiction. 
LEMMA 6.10. N,(R)/RO(N,(R)) z A,. 
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Proof. Set K = N,JR)/RO(No(R)). Then, K contains -4, as a subgroup of 
odd index and KC O,(2). By Gorenstein and Harada [9], K E A, or 
KsAA,. 
By the last lemma, (t, e)” C E with t an involution of R - E. Composing 
with a suitable element of No(E), (t, e)” = (t’, e), where t’ E E - (e) and 
es = e. By Lemma 6.5, R/(e) is weakly closed in P/(e) with respect to 
Co(e)/(e). Thus, K d oes not normalize E, and the lemma follows. 
We now study L = C,(e)/(e), where (e) = Z(P). Set S = R/(e) and 
Q = P/(e). W e s a h 11 h s ow that S is strongly closed in Q with respect to L. 
By Lemma 6.10, NL(S)/C,(S) z A, . We distinguish two types of involutions 
in L. An involution is of the first kind if some preimage of the involution in 
C,(E) is an involution. Otherwise, an involution is of the second kind. 
LEMMA 6.11. NL(S)/CL(S) has two orbits G?, and .R, on S#. / fi, / = 135 
and elements of Qn, are of the f;rst kind. The stabilizer in NL(S)/CL(S) of an 
element of Q, is a split extension of 2, X 2, X 2, by L,(2). 
1 Sz, 1 = 120 and elements of .R, are of the second kind. The stabilizer in 
NL(S)/CL(S) of an element of Q, is PrL(2, 8). 
Proof. We identify NJS)/CJS) with A, . From the action of M/R e A, 
on R/(e), it follows that a cyclic subgroup of order 15 in A, acts freely on S. 
Also, a Frobenius group of order 21 in A, has three fixed points on Se. 
Also, A, has some orbit of odd length on S#. One checks quickly that the 
only subgroup of A, of odd index less than 255 and having no element of 
order 15 is the stabilizer of a point in GI as above. 
Now, the Frobenius group of order 21 has exactly one fixed point on 
S# - Qn, and j S# - Q, 1 ,( 120. From this fact the remainder follows 
quickly. 
LEMMA 6.12. There are two N,(S)-conjugacy classes of involutions in 
NL(S) - S. Both kinds occur. 
Let t be an involution of NJS) - S. 
(i) I f  t is of the first kind, / Cs(t)/ = 24 and Cs(t) has a subgroup S,, of 
index 2 in Cs(t) such that all involutions of S, are of the Jirst kind and those of 
Cs(t) - S, are of the second kind. 
(ii) I f  t is of the second kind, 1 Cs(t) j = 24 and all inoolutions of Cs(t) are 
of the$rst kind. 
In either case, set B = (Cs(t), t). Then the automizer of B in Q is of order 
at least 2’. 
Proof. Let K = NL(S) n N,(E)/S. Then, K z A,. K has two orbits r, 
and r, on J& with ) r, 1 = 15 and 1 r, 1 = 120. In r, the point stabilizer in K 
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is that of A,. Of course, r, = (E/(e))+. In I’, a point stabilizer of K is 
L,(2). On Sz, , K is transitive with a point stabilizer being the Sylow 2-nor- 
malizer in PrL(2,8). 
An involution having 4 cycles in A, has 7 fixed points on r, , no fixed 
points on I’, and 8 fixed points on J2a. Such an involution induces a trans- 
vection on E and is of the first kind. 
An involution having 2 cycles in A, has 3 fixed points on r, , 12 fixed 
points on r, , and none on r, . Such an involution is of the second kind. 
Since all involutions of A, have conjugates in A,, the remaining assertions 
of(i) and (ii) follow. 
Next, consider the group B when t is of the first kind. Since (t, S) 4 Q, 
B 4 Q. Also C,(B) n S = Cs(t). Now, C,(B)S/S must fix all fixed points 
of t in 52, . Consequently, 1 C,(B)S/S 1 < 23. Thus, / C,(B)/ < 2’. Since 
j Q / = 2i4, the automizer of B has order at least 2’. 
Next, suppose t is of the second kind. Then, j Cois(t)/ = 25. Thus, there 
is a subgroup Q,, of index 2 in Q with (S, t) 4 Q,, . Then, B Q QO. Again, 
COO(B) n S = Cs(t). Also, CoJB)S/S must fix all fixed points of t in r, . 
It follows that ] C,JB)S/S 1 < 22. Thus, 1 Coo(B)\ < 26, and the claim 
follows. 
LEMMA 6.13. Let t be an involution in NL(S) - S. Then, no conjugate of 
B = ( Cs(t), t) Zies in S. 
Proof. If for some h EL, Bh C S, then 28 j 1 C,(B)l. Thus, by Lemma 6.12, 
2l5 j j N,(B)\, a contradiction. 
LEMMA 6.14. Let t be an involution of NL(S) - S of the second kind. Then, 
no conjugate of t lies in S. 
Proof. Suppose for some g E G we have tg E S. g may be chosen so that 
Co(t)” C Q. Since t is of the second kind, tg E Q, . Since / Cs(t)I = 24, all 
involutions of (Cs(t), t) - Cs(t) are fused to t. Thus, all involutions of 
<C&)9 0” - C.4) g are of the second kind and centralize tg E Sz, . By Lemma 
6.12(ii), (Cs(t), t)g - Cs(t)g C S. Thus, (CJt), t)Q C S, contrary to 
Lemma 6.13. 
LEMMA 6.15. Let t be an involution of NJS) - S of theJirst kind. Then, 
no conjugate oft lies in S. 
Proof. Suppose for some g E G we have tg E S. Again, g may be taken so 
that Co(t)9 C Q. With S, as in Lemma 6.12, it follows by Lemma 6.14 that 
(Cs(t) - S,,)g C S. Thus, Cs(t)g _C S. Since also tg E S, again there is a 
contradiction to Lemma 6.13. 
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Thus, by Goldschmidt’s theorem, SO(L) u L. Thus, C,(e)jO(C,(e)) is 
an extension of R by A, . Since G has one class of involutions, all involutions 
of G have 2-constrained centralizer. By Gorenstein [8], if G is simple, 
O(C,(e)) = 1. Now by Parrott’s result [29], GE FT. 
This completes the proof of Theorem A. We now verify Theorem B by 
eliminating those groups of Theorem A that fail to satisfy the appropriate 
hypothesis. 
Any group having dihedral Sylow 2-subgroup of order greater than 4 has 
two conjugacy classes of fours groups and so is eliminated. 
From the structure of the centralizer of an involution in G,(q) and D:(q) 
[lo], it follows that both groups have two conjugacy classes of fours groups. 
Likewise, the group (xi) has two conjugacy classes of fours groups [24]. 
The group Ma, regarded as a permutation group of degree 23 contains 
L,(4) of degree 21, and the latter group contains two elementary abelian 
groups of order 16 having different orbit structures. 
In the group MC, the centralizer of an involution is a nonsplit central 
extension of A, by 2, [22]. Since A, has two conjugacy classes of elementary 
groups of order 8 whose preimage in A, is elementary of order 16, MC is 
eliminated. Similarly, from the structure of the centralizer of an involution in 
L [19], we see that L has two conjugacy classes of elementary abelian groups 
of order 8. C’s has two conjugacy classes of involutions [27]. FT, by the 
structure of the centralizer of an involution, has two conjugacy classes of 
fours groups. 
REFERENCES 
1. J. L. ALPERIN, Sylow S-subgroups of 2-rank three, Finite Groups 2, in “Proceed- 
ings of the Gainesville Conference,” North-Holland, New York, 1973. 
2. J. L. ALPERIN, R. BRAUER, AND D. GORENSTEIN, Finite simple groups of 2-rank 
two, Scripta Math. 29 (1973), 191-214. 
3. N. BLACKBURN, The extension theory of the symmetric and alternating groups, 
Math. 2. 117 (1970), 191-206. 
4. U. DEMPWOLFF, On extensions of elementary abelian groups of order 2” and the 
degree 2-cohomology of GL(n, 2), Ill. J. Math. 18 (1974), 451-468. 
5. U. DEMPWOLFF, On extensions of an elementary abelian group of order 25 by 
GL(5, 2), Rend. Sm. Mat. Univ. Padova 48 (1973), 359-364. 
6. L. FINKELSTEIN, The maximal subgroups of Conway’s group C, and McLaughlin’s 
group, J. Algebra 25 (1973), 58-90. 
7. D. GOLDSCHMIDT, 2-fusion in finite groups, Ann. Math. 99 (1974), 7&l 17. 
8. D. GORENSTEIN, Centralizers of involutions in finite simple groups, in “Finite 
Simple Groups,” Academic Press, New York, 1971. 
9. D. GOREZNSTEIN AND K. HARADA, Finite groups with Sylow 2-subgroups of type 
P&(4, q), q odd, J. FQC. Sci. Univ. Tokyo 20 (1973), 341-372. 
10. D. GORENSTEIN AND K. HARADA, Finite simple groups of low 2-rank and the 
families G,(q), D,%(q), q odd, Bull. Amer. Math. Sot. 77 (1971) 829-862. 
SIMPLE GROUPS TRANSITIVE ON INTERNAL FLAGS 409 
Il. D. GORENSTEIN AND K. HAFUDA, Finite groups whose 2-subgroups are generated 
by at most four elements, Memoirs of the A.M.S. 147, 1974. 
12. D. GORENSTEIN AND M. HARRIS, A characterization of the Higman-Sims simple 
group, J. Algebra 24 (1973), 565-590. 
13. D. GORENSTEIN AND J. H. WALTER, The characterization of finite groups with 
dihedral Sylow 2-subgroups, J. Algebra 2 (1965), 85-151, 218-270, 354-393. 
14. K. HARADA, On finite groups having self-centralizing 2-subgroups of small order, 
J. Algebra 33 (1975), 144-160. 
15. M. HARRIS, Finite groups with given Sylow 2-subgroup and product fusion, Comm. 
Algebra, to appear. 
16. D. HIGYIAN, Flag-transitive collineation groups of finite projective spaces, Ill. J. 
Math. 6 (1962), 434-446. 
17. G. HIGIX~AN, Odd Characterisations of Finite Simple Groups, Univ. of Michigan 
Lecture Notes, 1968. 
18. G. HIGMAN, Suzuki 2-groups, III. J. Math. 7 (1963), 79-96. 
19. R. LYONS, Evidence for a new finite simple group, J. Algebra 20 (1972), 540-569. 
20. D. MASON, Finite simple groups with Sylow 2-subgroups dihedral wreath Z, , 
J. Algebra 26 (1973), 19-68. 
21. D. MASON, Finite simple groups with Sylow 2-subgroups of type PSL(4, q), 
q odd, J. Algebra 26 (1973), 75-97. 
22. J. MCLAUGHLIN, A simple group of order 898,128,000, in “Theory of Finite 
Groups,” Benjamin, New York, 1969. 
23. J. B. OLSSON, Odd order extensions of some orthogonal groups, J. Algebra 28 
(1974), 573-596. 
24. M. O’NAN, Some evidence for the existence of a new simple group, to appear. 
25. R. SOLOMON, Finite groups with Sylow 2-subgroups of type Alz , J. Algebra 29 
(1973), 346-378. 
26. R. SOLOMON, Finite groups with Sylow 2-subgroups of type Q(7, q), q = 1t3 
(mod 8), J. Algebra 29 (1973), 346-378. 
27. R. SOLOMON, Finite groups with Sylow 2-subgroups of type .3, J. Algebra 28 
(1974), 182-198. 
28. R. STEINBERG, “Lectures on Chevalley Groups, ” Yale Univ. Lecture Notes, 1967. 
29. D. PARROTT, to appear. 
30. J. G. THOMPSON, A simple subgroups of E,(3), to appear. 
